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Abstract

Introduction: Nonlinear dynamical systems show complex behaviour
sensitive to initial conditions. Controlling and synchronising chaos has
applications in engineering, science, secure communications,
encryption, biology, chemistry, finance, neural networks, cryptography,
and medicine.

Aim: This paper aims to analyze the synchronisation, tracking control,
and stability of hyperchaotic 5D Lorenz systems. A linear feedback
controller is built to ensure asymptotic stability of the two identical
hyperchaotic 5D Lorenz systems developing from distinct initial
conditions, based on Lyapunov stability theory and active backstepping
nonlinear approaches.

Methods: The three positive Lyapunov exponents and complex
dynamical behaviour of the hyperchaotic 5D system are demonstrated.
The control functions for the corresponding control and synchronisation
of the hyperchaotic 5D Lorenz system are designed using the active
backstepping nonlinear technique. The nonlinear controllers of the
intended backstepping can stabilise and direct the hyperchaotic 5D
Lorenz system at any place to follow any smooth function of time
trajectory. The proposed method integrates the selection of a Lyapunov
function with the creation of active control, and it is a systematic design
technique. To validate the feasibility and effectiveness of the proposed
control technique, numerical simulation results are presented.
Conclusion: The use of an active backstepping control approach to
control and synchronise the hyperchaotic 5D Lorenz system stabilises
chaotic motion, simplifies design without needing eigenvalues, and
efficiently controls high-dimensional hyperchaotic systems,
outperforming conventional chaos. Thus, numerical simulations confirm
effectiveness.
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1. INTRODUCTION

In recent years, it has been established that nonlinear dynamical systems exhibit complex irregular
behaviour in real life whenever their evolution is sensitive to the initial conditions [1]. Even with minuscule
parameter changes, these complex systems can produce dramatically divergent chaotic paths [2]. In
contrast to regular chaotic systems, hyperchaotic systems exhibit more complex dynamic behaviour and
possess extensive application values due to their distinctive characteristic of having two or more positive
Lyapunov exponents [3]. Consequently, control and synchronization of chaotic systems have a wide
range of uses in engineering and science, including secure communications [4] , optical communication
[5], voice and image encryption [6, 7], biology [8], chemistry [9], finance [10], neural networks [11, 12],
cryptography [13, 14], lasers [15], and medicine [16].

In the aspect of control and synchronization, various control approaches such as active control [17-21],
sliding mode control [22-24], digital redesign control [25-27], optimal control [28], backstepping method
[29-35], impulsive control [36], intermittent scheme [37-40], event triggered [41-43], switching process
[44], composite nonlinear feedback [45], finite-time [46, 47] and neural-based control [48, 49] have been
proposed to satisfy stability, robustness, and suitable performances of the systems.

Specifically, backstepping nonlinear control technique stands out among control/synchronization schemes
with linear and nonlinear control inputs that have been developed over time for its capacity to achieve
global stability, tracking, and transient performance for a wide class of strict-feedback nonlinear systems.
The backstepping method has many benefits, including being applicable to a wide range of chaotic
systems whether or not they contain external excitation; requiring only one controller to achieve
synchronization between coupled chaotic systems because it reduces controller complexity; the controller
is singularity free from the nonlinear term of quadratic type; flexibility to construct a control law that can be
extended to higher dimensional hyperchaotic systems; and the closed-loop nature of the backstepping
method. But this method can only be used with rigorous feedback mechanisms [50]. In order to apply the
backstepping technique to no strict feedback systems, the active backstepping nonlinear technique based
on Lyapunov stability theory was developed to synchronize the hyperchaotic systems [50]. Due to its
intriguing possibilities, including guaranteed stability, computational simplicity, and robustness against
uncertainties, active backstepping has surprisingly attracted significant attention in a variety of
applications [51].

Using two identical hyperchaotic systems, we design an active backstepping control in this paper that can
guarantee global stabilities, tracking, and global synchronization. The stability of the synchronized state in
the higher order hyperchaotic system is examined using the active backstepping approach and the
Lyapunov stability theorem. We create an appropriate controller and use active control to accomplish
drive-response synchronization in order to get around mathematical challenges.

The paper is organized as follows. The next section presents the physical system and the corresponding
mathematical model. Further characterization of the system is discussed. The control and synchronization
scheme is presented in section 3, section 4 is devoted to numerical results and discussions and the paper
is concluded in section 5.

2. MATERIAL AND METHODS

2.1 MATHEMATICAL MODEL AND CHARACTERIZATION
Here, we consider the following simple 5D quadratic smooth autonomous system:

f1=alx—x )+ xgtx;

i, = by —x, — x a0y

g = —cxqtx %, (1)
Xy = dxy, —x xg

¥5=qx;

where x;_, .., = are the states and a, b, c, d, q are real coefficients, where dots indicate a derivative of
tme t.  The 5D system (1) is hyperchaotic  for the  following parameter

valuesa=10; b =28; c =-;d = 1L.3; g = 2.5.

W lm
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According to the reference [52], in order for a hyperchaotic system to exist, a few requirements must be
met: (a) the system must be dissipative; (b) its dimension must be at least 4; and (c) it must contain at
least two equations that contribute to the instability, each of which must have at least one nonlinear term.

Here, L, =0.391380;L, = 0.243213; L; =0.033992; L, = —0.000110; L; = —13.032701 are the
Lyapunov exponents. The system's Lyapunov exponent now has two negative and three positive
exponents of the Lyapunov characteristic. Evidently, the sum of all Lyapunov exponents is smaller than
zero {i.e.L = —12.364226). Consequently, the system has reached a hyperchaotic state.

3 THEORETICAL ANALYSIS OF THE PROPOSED HYPERCHAOTIC SYSTEM

The equilibrium and stability analysis of the hyperchaotic system is first presented, and as a result, the
suggested system is examined by the Lyapunov exponent spectrum. This results in an analysis of the
dynamic behaviour of the hyperchaotic system.

31 Equilibria and Stability

Identifying the system's equilibrium points is a useful place to start when analyzing it. From there, use the
related linearized systems to describe the local dynamic behaviour of the system orbits close to these
points. The system's nonlinear dynamics are significantly influenced by the equilibria's local (linearized)
dynamical properties and spatial distribution. The following algebraic equations can be solved
simultaneously to determine the equilibria of system (1):

afx. —x )+ xyta=10

by —x,—xyey =10
—cxgtx;x, =10 (2)
diy—xyx: =0

qx; =0

Solving the system (2), the equilibrium point €(0.0,0,0,0).
3.2 Control of the Hyperchaotic 5D System
3.2.1  Active Backstepping Control

In the following, the backstepping technique is employed to design an active controller for the
hyperchaotic system presented by the equation (1) to the origin. According to the active control theory,
the controlled hyperchaotic system can be written in the following form

Fy=alxa—x )+ 2t +uy

i, =hx —x,— %%+ U

fy = —cxgta . + Uy (3)
fy,=dx, —x,%; +uy

5= gxy +us

where u = [ul.u:.ug.zu.us,]"r is the active control function. In practical applications, the controller to be
designed must be simple, efficient and easy to implement. Therefore, let u, = 0 and u; = 0, then the
controlled dynamics can be written as

Fy=a(xa—x, )+ x4+x5
f,=hx, —x,—x,%; + U

Eg = —cxgta %, + Uy (4)
f,=dx, —x,%; +uy,
Xz = qx,

Now our objective is to find the control inputs wu.. u; and u, that enable the state vectors

x; = [xL.x:.xg.xﬂt.xs,]"r converge to zero as time t goes to infinity. To achieve such goal, the backstepping
design method is adopted.
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The backstepping design procedure is recursive. At the i th-step, the i th-order subsystem is stabilized
with respect to a Lyapunov function and the control input function ¥; by the design of a virtual control «;
and the control input function u;. Now, the design of the active controller based on the backstepping
technique is begun as follows.

Step 1. Let z; = x, then we can obtain its derivative as follows

= a(x;—x )+ x4+x5 ®)
where ax, + x,+x: = &, (z,) is regarded as a virtual control input.
For the design of &, to stabilize z,-subsystem (5), Lyapunov function ¥ is chosen as
W =iz (6)
The derivative of I is obtained as
v, = z]_z',_" @
V. = —azf + a5,

If &, = 0 is chosen, then V; is negative definite. This implies that the z,-subsystem (5) is asymptotically
stable. Since the virtual control function e, is estimative, the error between x, and «; is

—— ®)

Then, we can obtain the following (z,,z,} subsystem

£, = —az, +az,
2y = (b — x3)z) — 24U, ®

where x; = a.{z,. 2.} is regarded as a virtual controller.

Step 2. In this step, stabilizing the (z,.z.]-subsystem (9), Lyapunov function ¥. can be chosen as follows
V.=V, +7 (10)
Its derivative is given by

1’&: = 1’!]_ +z:.|?:':

” : ; (11)
n=—azf —zx t s ((at b —xg)z 4 us)

If uy = (x3—a —b)z, and &, =0, then V, = —az] — zI < 0 makes (z,.z,)-subsystem (9) asymptotically
stable. Similarly, assume that z; = x; — &, then we can derive the following (z,.z,.z;} -subsystem.

£, = —az;
2y = -z (12)
2.:'! = —CZ; +ZLZ: + ug

Step 3. In order to stabilize the {z,.z..z;)-subsystem (12), a Lyapunov function ¥; can be chosen as
follows

V=V 452 (13)
The derivative of ¥; is

1-’&! = 1!’5.: +z!2:'g

v (14)

—azi — 25 — €27 + 73(2, 22 + ug)
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If u; = —z,z, and a; =0, is chosen, then V; = —az{ — z7 —cz < 0 makes the (z,,z,, z;)-subsystem (12)
asymptotically stable. Similarly, assume that z, = x, — &5, then we can derive the following (z,.2;. 25,2, -
subsystem.

zL == _ﬂzl
E. = —Z,
24 = —CI (15)

Z,=dz, — 2%+ uy

Step 4. In order to stabilize the (z,.z. 23, z,) -subsystem (15), a Lyapunov function ¥, can be chosen as
follows

V=V, +223 (16)
The derivative of ¥, is given by

V, =V, 42,2,

: FE (17)

V, = —az{ —zz —rczy —dzy + z,(2dzy, — zyxc + uy)
If uy = z,x; — 2dz,, is chosen, then V, = —azf — zF — =i —dz; < 0 makes the (z,.z..2;.2,) -subsystem
(15) asymptotically stable. Since V, is negative definite, it follows that the equilibrium (0, 0, 0, 0) of the
subsystem (15) is global asymptotically stable. Furthermore, since

I, =X 2= X,— @) =X, I3 =x%X;— @, =x3; and z; =x,—a; = x4 Thus, x;.x.x5; and x, go to zeros
asymptotically as well. According to =, —= 0, x, =0, x; = 0, x,— 0and the fifth equation of system (4), it
is obtained that (x,.x..x;.x,.x:) in the controlled system (4) tend to (0, O, 0, 0, Q) as ¢t — 2. In other
words, the controlled system (4) is asymptotically stable with the proposed control inputs.

3.3 Synchronization of Hyperchaotic 5D System
3.3.1. Active Backstepping Synchronization

In this section, the backstepping method is utilized to design an active controller to synchronize two
identical Lorentz hyperchaotic systems. In order to observe the synchronization behaviour in the Lorentz
hyperchaotic system, the drive system is assumed as

Fy=a(xa—x, )+ x4+%5

i, =bx) — 2, — %%,

ty = —cxgtr s, (18)
£y =dxy, —x %

%5 = 4x,

and the response system

VW=alym —ynltwntys tu
¥o=by, — ¥ — vy tu;

Yo = —emtny +ug (19)
Vo= dyy —¥¥s +uy
¥s = gy +ug

where u = [ul.u:.ug.ujf.us,]a'r is the active control function. In practical applications, the controller to be
designed should be simple, efficient and easy to implement. Therefore, let u; = 0 and u; = 0, then the
controlled dynamics can be written as

Page | 32



Vi=alm -yl +ytys
Y2=by -y —mystu;

Y3 = —cyatyye +u; (20)
Va=dyy —wys +uy
¥s =4y

Here, determining the controllers u..u; and u, which are required for the controlled response system (20)
to synchronize with the drive system (18) is aimed at. For this purpose, let the error states between the
state variables of the response system (20) and the drive system (18) be

Bi=(Lz345 — ¥ — ¥ (21)
Subtracting (18) from (20), the following error dynamics are obtained
é=ale; —e,) +e,te;
g, = be, —e, —e8; — X, 8, — X8 + U,
g, = —cegte e, +x8 + x.8 + Uy (22)
8, = de, — @85 — X, 85— X8, + Uy
é; = qge,

-

The next is to find the control inputs u..u; and u, that make the state vectors u; = [u,. 15, ug, 1y ug]
converge to zero as time t goes to infinity. In order to achieve such goal, the backstepping design method
is adopted.

This implies that the trajectory of the response system (20) asymptotically approaches the trajectory of
the drive system (18). Furthermore, the active controller based on the backstepping method outlined in
subsection 3.3.1 is designed.

Step 1. Let z; = ¢, then we can obtain its derivative as follows

4= 4 (23)

=—ag, + ae. + eyte:
where g, = m,(z,) is regarded as a virtual control input.
For the design of &, to stabilize z,-subsystem (23), Lyapunov function ¥, is chosen as
W =3 (24)

The derivative of V] is obtained as

1’} = ZLZI'L" (25)
Vi = —azi + (ey+es + aa )z,
If &, = 0 is chosen, then V, = —az] + z,(e,+#;). The second term (e,+e:) in ¥, will be eliminated at the

next step. This implies that the =z,-subsystem (23) is asymptotically stable. Since the virtual control
function &, is estimative, the error between e- and «, is given by
Ex =8 @y (26)

Then, we can obtain the following (z,.z.} subsystem

£, = —az; + az,; 27)

2y =(b—e —x3)z — 2 —x 81U,

where g; = @.(z,.2.) is regarded as a virtual controller.
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Step 2. In this step, stabilizing the {z,.z.)-subsystem (27). Lyapunov function ¥, can be chosen as
follows

AL (29)

The derivative is given by

=V -

2 =t as (29)

Vo = —azj —zz +z: ((a + b — x3)z; + us)
If u, = (x;—b —a)z, and a. =0, then ¥, = —azf — zf = 0 makes (z,.z,)-subsystem (29) asymptotically
stable.
Similarly, assume that z; = e; — &, then we can derive the following (z,.z..z;) -subsystem.

£, = —az;

2, = -z, (30)

Eq = =CZ3 + 2322 + X% + X% + Uy

Step 3. In order to stabilize the (z,.z.z;}-subsystem (30), a Lyapunov function ¥; can be chosen as
follows

V; =V +523 (31)
The derivative of ¥ is given by

W, =W, + 2,2,

& S (32)
Vi = —azi —zz —cz3 + 23(2, 3 + %22, + 2,2 +uy)
If ug = —z,2. — x,3, — x,2. and a; =0, is chosen, then V; = —azf — zf —czf < 0 makes the (z,.25.2;)-
subsystem (30) asymptotically stable.
Similarly, assume that =, = &, — &5, then we can derive the following (z,.z.. 2. 2,} -subsystem.
£, = —az;
E. = —Z,
23 = —rz (33)

24=ﬁ24—ZL€5—ZLx5—IL€5+H4

Step 4. In order to stabilize the (z;.z..z;. 2, -subsystem (33), a Lyapunov function ¥}, can be chosen as
follows

V, =V, + 22} (34)
The derivative of ¥, is obtained as

1’!:1_ = 1‘5’! +z_-|_2.:'_1_ (35)

V,=—azf —zF —ezf —dz +2,(2dz, — 2,85 — 2, %5 — X8+ Uy)
If uy = z,ec + z,x:+ x,8c — 2d z,, is chosen, then V, = —az] — zF — czi —dz] < 0 makes the (z,.2,.25.2,)
-subsystem (33) asymptotically stable. Since ¥, is negative definite, it follows that the equilibrium (0, 0, 0,
0) of the subsystem (33) is global asymptotically stable. Furthermore, since
Z, =8, %, =8, —ff; =8, I =8 — 0. =& and z,=e, —@m; =8, €.8.8;, and e, go to zeros
asymptotically as well. Accordingto e, = 0, e, — 0, &; = 0, &, — 0 and the fifth equation of system (22), it
is obtained that (x,.x-.x5.24.x5) in the controlled system (22) tend to (0, O, 0, 0, 0) as t — @=. In other

words, the trajectory of the controlled response system (20) asymptotically approaches the trajectory of
the drive system (18) with the proposed control inputs.
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4 NUMERICAL SIMULATIONS AND ANALYSES

The fourth order Runge-Kutta routine is used in numerical simulation to guarantee hyperchaotic
behaviour for the 5D Lorenz system with the following initial
conditions:

(o, (00,3, (0)) = (01,1 (x,(0), 32 (0)) = (0.2,2): (x,(0),75(0)) = (0.3,3); (x,(0), y, (0)) =

(0.4,4); (x5(0)v(0)) = (0.5, 4.5),

with a time-step of 107%, the parameter a = 10: b = 28: ¢ = E‘,fa rd = 1.3 g = 2.5 are fixed, as shown in

Figures 1{a — i} below. Figures 1(a - i) elucidates the intricate dynamics of the hyperchaotic 5D Lorenz
system, exemplifying the pronounced sensitivity to initial conditions, a paradigmatic characteristic of
chaotic behaviour. The phase portraits of the 5D Lorenz system offer a profound understanding of its
underlying dynamics, revealing the existence of attractors, repellents, and other invariant sets that govern
its complex behaviour.

(a) 3-D Projection of the 5D hyperchaotic Lorenz system on {x,.x,.%]
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(a) 3-D Projection of the 5D hyperchaotic Lorenz system on (x,.x..%]
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(c) 3-D Projection of the 5D hyperchaotic Lorenz system on {(xg.x,.x5)

300 -
200

100

-200 4

-300 -

40 40

(d) 3-D Projection of the 5D hyperchaotic Lorenz system on {x.,x5.%x,]

(e) 3-D Projection of the 5D hyperchaotic Lorenz system on {24,551
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(f) 3-D Projection of the 5D hyperchaotic Lorenz system on {x,.x,.%]

(g) 3-D Projection of the 5D hyperchaotic Lorenz system on {xgx;.x5]

Page 38



LASU Journal of Research and Review in Science

(h) 3-D Projection of the 5D hyperchaotic Lorenz system on {x;,x5.x,]

(i) 3-D Projection of the 5D hyperchaotic Lorenz system on {xg.xz.x,)

Figure 1 (a —i): 3-D Phase portraits of the hyperchaotic 5D Lorenz system
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A, = 0.391380
A,=0.243213 =1
A
A
A

= 0.033992
= -0.000110

1
2
3
a
5

= -13.032701

Lyapunov exponents

-1of- E

14 1 'l 1 'l 1
o 50 100 150 200 250 300

Time (s)

Figure 2: Dynamics of Lyapunov exponents

Figure 2 above reveals the dynamics of the Lyapunov exponents for the hyperchaotic 5D Lorenz system.
Specifically, the existence of multiple positive Lyapunov exponents confirms the hyperchaotic nature of
the system, characterized by divergence in multiple directions. The magnitude of these exponents, in
turn, quantifies the degree of instability and unpredictability inherent to the system.

Figures 3{a—1f) below show the time responses of states with the proposed control functions. The
controller of the hyperchaotic system (3) is activated att = 20 secs. As expected, it shows that the
hyperchaotic system can be stabilized to the origin point (0,0,0,0,0). The successful stabilization of the 5D
Lorenz system to the origin underscores the controller’'s capability to tame hyperchaotic behaviour, with
far reaching implications for potential applications including complex system control and predictability
enhancement.

30

25 - T

20 - b

15 8

10 |} .

-5 | -

-10 1

-15 .

[e] 5 10 15 20 25 30 35 40 45 50
time (sec)

(a) The time response of states x;
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(b) The time response of states x-
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35 [ N

30 [ *
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(c) The time response of states i,
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(d) The time response of states x,
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o 5 10 15 20 25 30 35 40 45 50
time (sec)

(e) The time response of states x

200

150

X X X X X
a d W N =

100

)]
o

XW,XQ,X3,X4,X5

-50

-100

-150 : . . ! L L L L L
o 5 10 15 20 25 30 35 40 45 50
time (sec)
(f) The time response of the controlled states
Figure 3(a- f): The time response of states for the hyperchaotic 5D Lorenz system with the proposed
controller.

In figure 4(a — e) below, the observed coincidence between the response and drive hyperchaotic Lorenz
systems, as revealed by the time series data can be attributed to synchronization. The synchronized state
enables control of the response system and allows for predictability of the response system’s behaviour
based on the behaviour of the drive system. Therefore, the suggested control functions are shown in
Figures 4{a — e} together with the time responses of states determined by both the drive system and the
response system. Figure 5 below displays the synchronization error paths for the drive system and the
response system. When t = 4.5 secs, the controller switches on. A synchronization of variables occurs,
and it converges to zero. It confirms that all state variables are synchronized, as predicted, and that the
synchronization errors are zero. The synchronization of systems (18) and (20) is guaranteed by Figure 6°s
depiction of the average error state variables' convergence to zero. The synchronization quality E,
reported by [53] attests to this.

E., = el +el+eltel +ef (36)
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(a) The time response of states x, and v, of the 5D hyperchaotic Lorenz system
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(c) The time response of states x; and y; of the 5D hyperchaotic Lorenz system
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(d) The time response of states x, and v, of the 5D hyperchaotic Lorenz system
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(e) The time response of states x; and 1 of the 5D hyperchaotic Lorenz system.

Figure 4(a — e): The time series data of the hyperchaotic 5D Lorenz systems with the proposed controller.
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Figure 5: Time response of the global synchronization
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Figure 6: The time response of synchronization average error state for the coupled hyperchaotic
5D Lorenz systems

5 CONCLUSION

In this paper, the active backstepping control approach is used to examine the control and
synchronization of the hyperchaotic 5D Lorenz system. The proposed scheme, which combines the
selection of a Lyapunov function with the creation of an active control, is a systematic design technique.
The proposed control approach is able to stabilize the chaotic motion to the origin. In addition, it
systematically synchronizes the two identical hyperchaotic 5D Lorenz systems. It is shown that the 5D
hyperchaotic system exhibits three positive Lyapunov exponents and possesses complex dynamical
behaviour. Numerical simulations were also carried out to illustrate the effectiveness of the approach. The
proposed method is verified to have the following advantages. Firstly, it does not need to calculate the
eigenvalues of the Jaccobian matrix. Hence, it is simple and convenient. Secondly, it is applicable to
control high dimensional hyperchaotic systems by adopting the active control technique, which has the
flexibility to design a control law. Therefore, the dynamics of hyperchaotic systems are better than that of
conventional chaotic systems in a variety of applications.
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